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Abstract
It is widely known that bouncing models with a dust hydrodynamical fluid satisfying
c2s = pd/ρd ≈ 0, where cs, pd, ρd are the sound velocity, pressure and energy density of the dust
fluid, respectively, have almost scale invariant spectrum of scalar perturbations and negligible pri-
mordial gravitational waves. We investigate whether adding another fluid with 1/3 < λ = p/ρ < 1,
which should dominate near the bounce, can increase the amplitude of gravitational waves in the
high frequency regime, turning them detectable in near future observations for such range of fre-
quencies. Indeed, we show that the energy density of primordial gravitational waves is proportional
to k2(9λ−1)/(1+3λ) for wavelengths which become bigger than the Hubble radius when this extra
fluid dominates the background. Hence, as λ → 1 (an almost stiff matter fluid), the energy den-
sity of primordial gravitational waves will increase faster in frequency, turning them potentially
detectable at high frequencies. However, there is an extra factor Iq(λ) in the amplitude which
decreases exponentially with λ. The net effect of these two contributions turns the energy density
of primordial gravitational waves not sufficiently big at high frequencies in order to be detected
by present day or near future observations for models which satisfy the nucleosynthesis bounds
and is symmetric with respect to the bounce. Hence, symmetric bouncing models where the back-
ground is dominated by a dust hydrodynamical fluid with small sound velocity, do not present
any significant amount of primordial gravitational waves at any frequency range compatible with
observations, even if there are other fields present in the model dominating the bounce phase. Any
detection of such waves will then rule out this kind of models.
∗ nelsonpn@cbpf.br
† arthur@cbpf.br
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I. INTRODUCTION
Cosmological bouncing scenarios solve, by construction, the singularity problem present
in the standard cosmological model [1]. As a bonus, they solve other puzzles of the stan-
dard cosmological model, like the horizon and flatness problems, and they can also supply a
mechanism to generate primordial cosmological perturbations from quantum vacuum fluc-
tuations, with almost scale invariant spectrum [2, 3], as in inflationary models [4], when
the contracting phase is mainly dominated by a matter fluid (a fluid with equation of state
p = λρ with λ ≈ 0). Hence, they can also be viewed as alternatives to inflation, although
they are not necessarily contradictory to it.
There are nowadays many mechanisms to generate the bounce, normally they involve
new physics and/or new types of fields. There are also many open questions and issues to
be investigated concerning these models, for reviews see Refs. [1, 5]. One of these questions
concerns the presence of primordial gravitational waves. In the case where the fluid driv-
ing the contracting phase is a canonical scalar field, in which the sound velocity of scalar
perturbations cs is equal to the speed of light, cs = c = 1, the production of primordial
gravitational waves is usually very high [6], yielding a tensor to scalar perturbation ratio
r = T/S ≈ 1 which is incompatible with observations [7] (T and S are the amplitudes
of tensor and scalar perturbations, respectively). On the other hand, for K-essence scalar
fields, which mimic hydrodynamical fluids and cs = λ ≈ 0, the amplitude of primordial
gravitational waves produced is very small [8], and they cannot be seen in any band of fre-
quency. This feature is compatible with present cosmological observations, but it does not
offer any testable prediction into which this model could be confronted with future obser-
vations. As it is well known, the detection of gravitational waves emitted by black holes [9]
opened the gravitational waves astronomy era. One of the possible signals to be detected in
different frequency ranges in the next decade, away from cosmological scales, are precisely
the primordial gravitational waves. Unlike the black hole collision signals recently detected,
these primary waves are stochastic and less intense. The detection of such waves will give
information about the early Universe [10], e.g., if there was an inflationary era, a bounce,
or even both.
The aim of this paper is to investigate whether high energy modifications of the model
described in Ref. [8], a Universe containing radiation and dust which goes through a quantum
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bounce, can increase the amplitude of primordial gravitational waves in the high frequency
regime. In fact, the energy density of gravitational waves has a spectrum proportional to
f
2(9λc−1)
1+3λc ,
where f is the frequency and λc is the equation of state parameter of the fluid which is
dominating the background when the mode is leaving the Hubble radius. Hence, for modes
leaving the Hubble radius at the dust dominated phase, it decreases with frequency as f−2,
and it increases as f 2 for modes leaving the Hubble radius at the radiation dominated phase.
If one adds to the model a stiff fluid with λ ≈ 1, which should dominate its densest phase,
so dense that that the sound velocity of the fluid becomes comparable with the speed of
light [11], then for modes leaving the Hubble radius at the stiff matter dominated phase,
the energy density of gravitational waves would increase with frequency as f 4. Our goal is
to evaluate whether adding this stiff fluid to the model can sufficiently increase the energy
density of gravitational waves in the high frequency regime in a way that they could be
detected by future observations, without spoiling the good features of the model (scale
invariant spectrum of scalar cosmological perturbations, standard nucleosynthesis phase,
etc).
The paper is divided as follows: in the next section we derive the equations for tensor
perturbations when the background is quantized, in section III we describe the features
of the full background model, and the qualitative features of the evolution of tensor per-
turbations in this background. In section IV we solve the tensor perturbation equations
semi-numerically, and we present analytical approximations in order to understand the nu-
merical results qualitatively. We finish in section V, with the conclusions.
II. RELIC GRAVITONS IN A QUANTUM BOUNCING MODEL
In this section, we first derive the evolution equations for tensor perturbations in a bounc-
ing cosmological model near the bounce itself, where the background evolution is dominated
by a single perfect fluid with equation of state p = λρ, and the bounce is caused by quan-
tum effects described in the framework of quantum cosmology interpreted along the lines of
the de Broglie-Bohm quantum theory, see Refs. [8, 12, 13] for details. Note that the usual
Copenhagen point of view in quantum mechanics cannot be used in quantum cosmology as
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the whole Universe is being quantized, including observers themselves, see Ref. [14] for a
review on this subject. The de Broglie-Bohm quantum theory assumes the existence of an
objective reality, where positions of particles and/or field amplitudes have definite values,
independently of any observation. It is an explicit non-local realistic quantum theory which
satisfies all experimental tests already made in quantum systems. The Bohmian trajectories
describing the scale factor evolution in this framework are calculated, and they are usu-
ally non-singular, presenting a bounce due to quantum effects at small scales, and turning
to a classical standard evolution when the scale factor becomes sufficiently large. Subse-
quently, we enlarge the model in order to include dust and radiation, which however are not
important during the bounce itself, and are relevant only when the evolution is classical.
The action we consider describing the physics around the bounce contains an Einstein-
Hilbert term and a single perfect fluid term described by the Schutz formalism [15]:
S = SGR + Sfluid = − 1
6ℓ2p
∫ √−gRd4x+ ∫ √−gpd4x, (1)
where ℓp = (8πGN/3)
1/2 is the Planck length (~ = c = 1), p is the perfect fluid pressure
satisfying p = λρ, ρ is the fluid energy density, and λ = const. The metric g appearing
in action (1) describes a background Friedman-Lemaˆıtre-Robertson-Walker (FLRW) metric
and a first-order tensor perturbation wij. It reads
ds2 = N2 (τ) dτ 2 − a2phys (τ) (γij + wij) dxidxj . (2)
The constant curvature background spacelike metric is given by γij . It lowers and raises
the indices of the tensor perturbation wij, which is transverse and traceless (w
ij
|j = 0 and
wii = 0, the bar indicating a covariant derivative with respect to γ). N(τ) is the lapse
function, and defines the time gauge, once fixed. From now on we consider only flat spatial
metrics.
Action (1) with metric (2) yields, after some suitable canonical transformations (see
Ref. [12] for details), the second-order Hamiltonian
H = NH0
H0 =
[
− 1
4a
P 2a +
P
T
a3ω
+
∫
d3x
(
6
ΠijΠij
γ1/2a3
1
24
γ1/2awij|kw
ij|k
)]
, (3)
where Pa, Π
ij , P
T
are the momenta canonically conjugate to the scale factor, the tensor
perturbations, and to the fluid degree of freedom, respectively. These quantities have been
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redefined in order to be dimensionless, e.g. aphys = ℓpa/
√
V , where V is the comoving volume
of the background spacelike hypersurfaces. The Hamiltonian in Eq. (3) gives Einstein’s
equations both at zeroth and first order in perturbation expansion. No assumption about
the background dynamics has been used in order to arrive at its final form given in Eq. (3).
The Dirac quantization of the background and tensor perturbations can be implemented
by imposing Hˆ0Ψ(a, wij) = 0, where Hˆ0 is the operator version of the classical H0 given in
Eq. (3). The corresponding Wheeler-DeWitt equation is then given by
i
∂Ψ
∂T
= Hˆa3λΨ ≡
[
a3λ−1
4
∂2
∂a2
+
∫
d3x
(
−6a
3(λ−1)
γ1/2
δ2
δwijδwij
+ a3λ+1γ1/2
wij|kw
ij|k
24
)]
Ψ.(4)
We have imposed the time gauge N = a3λ, yielding T as the time variable. Making the
separation ansatz for the wave functional Ψ[a, wij, T ] = ϕ(a, T )ψ[a, wij, T ], Eq. (4) can be
split into two,
i
∂ϕ
∂T
=
a3λ−1
4
∂2ϕ
∂a2
ϕ, (5)
and
i
∂ψ
∂T
=
∫
d3x
(
−6a
3(λ−1)
γ1/2
δ2
δwijδwij
a3λ+1γ1/2
wij|kw
ij|k
24
)
ψ. (6)
Using the de Broglie-Bohm quantum theory [14], Eq. (5) can be solved, yielding a
Bohmian quantum trajectory a(T ). Using the de Broglie-Bohm framework described in
Ref. [13], the guidance relation reads
da
dT
= −a
(3λ−1)
2
∂S
∂a
. (7)
It is in accordance with the usual Hamilton-Jacobi classical relations da/dT = {a,H} =
−1
2
a(3λ−1)Pa with Pa = ∂S/∂a. Note that S is the phase of the wave function, and it
coincides with the classical action, yielding the usual Hamilton-Jacobi classical trajectories
in the classical limit.
Taking the initial normalized gaussian at T = 0.
Ψ(init)(χ) =
(
8
Tbπ
)1/4
exp
(
−χ
2
Tb
)
, (8)
where Tb is an arbitrary constant, the solution of Eq. (5) reads [13]
Ψ(a, T ) =
[
8Tb
π (T 2 + T 2b )
]1/4
exp
[ −4Tba3(1−λ)
9(T 2 + T 2b )(1− λ)2
]
×
× exp
{
−i
[
4Ta3(1−λ)
9(T 2 + T 2b )(1− λ)2
+
1
2
arctan
(
Tb
T
)
− π
4
]}
, (9)
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The phase of this wave solution yields he Bohmian quantum trajectory for the scale factor
a(T ) = ab
[
1 +
(
T
Tb
)2] 13(1−λ)
, (10)
where ab is the scale factor at the bounce at T = 0. Note that this solution has no singular-
ities and tends to the classical solution when T → ±∞. The quantity Tb, together with ab,
gives the curvature scale at the bounce, Lbounce ≡ Tba3λb .
Once one has a(T ) as a prescribed function of time, one can perform the time dependent
unitary transformation
U =exp
{
i
[∫
d3xγ1/2
a′wijw
ij
2a
]}
×
× exp
{
i
[∫
d3x
(
wijΠ
ij +Πijwij
2
)
ln
(√
12
a
)]}
, (11)
yielding the following simple form for the Schro¨dinger equation for the perturbations:
i
∂χ(w, η)
∂η
=
∫
d3x
{
− 1
2γ1/2
δ2
δw2
+
+γ1/2
[
1
2
wkw
k − a
′′
2a
w2
]}
χ(w, η). (12)
We made a transformation to conformal time η, a3ω−1dT = dη, and a prime ′ denotes the
derivative with respect to η. This is the same Schro¨dinger equation used in semi-classical
gravity for linear tensor perturbations [16], but the scale factor which appears in it is the
Bohmian trajectory (10), it is not the classical scale factor. Remember that Eq. (12) was
obtained without ever using the background Einstein’s equations. Hence, it can be used
when the background is also quantized, and it can be extended to the classical regime when
other fluids may become relevant. Note that as the Bohmian scale factor a(η) given in
Eq. (10) approaches the classical limit after the bounce, the matching of the classical and
quantum phases is straightforward. Note, however, that a(η) departs from the classical
solution near the bounce, and this fact leads to some different consequences with respect to
the usual semi-classical approach.
In the Heisenberg representation, the equations for the operator wˆij read
wˆ′′ij + 2
a′
a
wˆ′ij − wˆ|kij|k = 0, (13)
which corresponds to the usual equation for quantum tensor perturbations in classical back-
grounds [16].
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It is convenient to expand these quantum mechanical operators into Fourier modes and
subject them to quantization rules:
wˆij (x) =
√
6ℓp
∑
α=+,×
∫
d3k
(2π)3/2
ε
(α)
ij
[
w
(α)
k (η) e
−ik·xaˆ
(α)
k
+ w
∗(α)
k (η) e
ik·xaˆ
(α)†
k
]
, (14)
where x = (η,x), ε
(α)
ij = ε
(α)
ij
(
kˆ
)
is the polarization tensor for the two graviton polarization
states + and × labeled by α, and satisfies
ε(α)ijε
(α′)
ij = 2δαα′ . (15)
Also, w
(α)
k (η) are mode functions, and aˆ
(α)†
k
, aˆ
(α)
k
are the usual creation and annihilation
operators, respectively. Such operators satisfy the equal-time commutation relations
[
aˆ
(α)
k
, aˆ
(α′)†
k′
]
= δαα′δ
(3) (k− k′) , (16)[
aˆ
(α)
k
, aˆ
(α′)
k′
]
=
[
aˆ
(α)†
k
, aˆ
(α′)†
k′
]
= 0, (17)
and the quantum vacuum is defined by
aˆ
(α)
k
|0〉 = 0. (18)
Inserting the above Fourier expansion into Eq. (13), we obtain the mode equation
w
(α)′′
k + 2
a′
a
w
(α)′
k + k
2w
(α)
k = 0. (19)
Introducing the canonical amplitude v
(α)
k as
v
(α)
k ≡ aw(α)k , (20)
the mode equation (19) becomes
v
(α)′′
k +
(
k2 − a
′′
a
)
v
(α)
k = 0, (21)
for each graviton polarization state. From now on, we will omit the index α. We will also
impose vacuum initial conditions when η → −∞ and a→∞)
vk(η → −∞) = e
−ikη
√
2k
(22)
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One is now able to evolve the gravitational wave mode equation from the initial condi-
tion (22) to its amplitude today. The quantum and classical behaviors will impact over the
evolution through the potential a′′/a.
In the background model studied in Ref. [8], the fluid dominating at the bounce was
radiation, λ = 1/3, with an additional dust fluid dominating when the Universe was large,
in order to furnish an almost scale invariant spectrum of scalar cosmological perturbations.
As explained in the introduction, we will now investigate the situation where the bounce
is dominated by an extra fluid with 1/3 < λ < 1, together with dust and radiation, which
are not relevant near the bounce. In the next section we will describe the full background
model and its qualitative features.
III. THE FULL BACKGROUND MODEL
The present model contains three non-interacting perfect fluids: dust, radiation, and
a fluid satisfying p = λρ, with 1/3 < λ < 1, usually with λ ≈ 1, which we call almost
stiff matter (asm). The dust fluid controls the dynamics of the Universe when it is large,
and the asm dominates its dynamics near the bounce, when the curvature scalar reaches its
highest values[17], and the Universe moves from the contracting to the expanding phase. The
radiation fluid dominates in between these two fluids. When the curvature scale approaches
the Planck length scale, the scale factor gets near its smallest value ab, and quantum effects
realize the transition between contraction to expansion, the bounce. This quantum phase is
dominated by the asm fluid.
The radiation and dust fluid model massless or ultra-relativistic massive fields, and cold
massive fields, respectively. The asm fluid can represent the content of the Universe when
it was so dense that the sound velocity of the fluid becomes comparable with the speed of
light [11].
In order to satisfy cosmological observations and the model hypotheses, there are some
constraints the asm fluid must fulfill[18]:
• The quantum effects must be restricted to the asm dominated phase;
• Radiation must dominate during nucleosynthesis;
• There must be a classical region between asm and radiation.
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FIG. 1. Evolution of the scale factor in parametric time.
As shown in Fig. (1), the Universe had a contracting phase in the past, when it was
almost flat and very homogeneous. The inhomogeneities were generated by quantum vacuum
fluctuations at this phase, and amplified afterwards. The tensorial quantum stochastic
fluctuations generated in this contracting past were the sources of the primordial stochastic
gravitational waves which could be observed today[19].
Waves with different frequencies will have different amplifications, depending when their
wavelengths becomes bigger than the Universe curvature scale. When they are smaller, they
do not feel the curvature of the Universe and they oscillate as free fields in flat space-time.
When their wavelengths become bigger than the curvature scale, they are pumped by the
gravitational field, and they get amplified. Fig. (2) shows a comparison between the co-
moving wavelength λ = 1/k and the co-moving curvature scale |a/(a′′)|1/2 along the history
of the Universe.
This amplification changes according to which fluid dominates the dynamics of the back-
ground when the crossing occurs. Hence, we expect to obtain different dependence of am-
plitude with frequency for each different fluid domination.
The background model have two regimes. A classical and a quantum regime. In the
9
FIG. 2. Crossing the curvature scale. The co-moving wavelength λ = 1/k, the horizontal line, is
smaller than the co-moving curvature scale |a/(a′′)|1/2, the dashed line, in the far past and in the
far future of the history of the Universe, when the tensor mode oscillates, and it becomes bigger
around the bounce, when the tensor mode gets amplified.
classical one, the Friedmann equation relates the scale factor a and the conformal time η
through the equation
a˙ = Sign(η)H0
√
Ωr + Ωda+ Ωλa(1−3λ), (23)
where Ωi ≡ ρi/ρc, i = r, d, λ and ρc is the critical density today; H0 is the Hubble factor
today; and λ is the fluid parameter of asm, i.e., pasm = λρasm. We set atoday ≡ a0 = 1.
The critical densities must satisfy the constraints of observation: the equality between
radiation and dust must occur in the redshift 2740, and asm must dominate earlier than the
nucleosynthesis era, which occurs at redshift 107 [20]:
Ωr = Ωd
1
1 + ze
(24)
Ωr > Ωλ
(
1
1 + zn
)
. (25)
10
In the quantum regime, Eq. (10) yields
a˙ = Sign(η)H0
√
Ωλa1−3λ
[
1−
(ab
a
)3(1−λ)]
. (26)
There is a period when both Eq. (23) and Eq. (26) are valid, dominated by a classical
asm, which happens when (ab
a
)3(1−λ)
≪ 1.
Let us take
(
ab
a
)3(1−λ)
< 1
100
≪ 1. Equality between asm and radiation happens for the scale
factor (
Ωλ
Ωr
) 1
3λ−1
.
Then we get,
ab10
2
3(1−λ) < a <
(
Ωλ
Ωr
) 1
3λ−1
< an, (27)
where an is the scale factor at the nucleosynthesis era. Equation (27) constrains Ωλ with
respect to the scale factor in the bounce ab, and the fluid parameter λ. Because of this
equation, the stiffness of the fluid is limited to
λ < 1− 2
3Log10
(
an
ab
) . (28)
The amplitude of gravitational waves satisfies the wave Eq. (21)
v
′′
k +
(
k2 − a
′′
a
)
vk = 0, (29)
where the potential takes the form
a′′
a
=
H20
2
[
Ωd
a
− (3λ− 1) Ωλ
a3λ+1
]
Classical (30)
a′′
a
= α2
(
ab
a
)4 [
1− 3λ− 1
2
(ab
a
)3(λ−1)]
Quantum, (31)
where
α2 ≡ H
2
0Ωλ
a1+3λb
The behavior of the potential is shown in Fig. (3). Two maxima are classical due to the
transition radiation-asm, one in each bounce side. The two minima come from the quantum
regime, and the highest peak happens in the bounce.
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FIG. 3. Structure of the potential a′′/a (not in scale).
IV. NUMERICAL SOLUTIONS AND ANALYTICAL APPROXIMATIONS
For a better understanding on how the different fluids present in the model control the
amplitude of gravitational waves, it is necessary a semi-analytical approach. Such approxi-
mation can be done separating the evolution in three regions, as shown in Fig. 4.
(A) Outside the potential, or inside the curvature scale: k ≫ a′′
a
(B) Inside the potential, or outside the curvature scale: k ≪ a′′
a
(C) Outside the potential again, or re-entering the curvature scale: k ≫ a′′
a
There are regions in B where k > a
′′
a
, but they are negligible.
In A and C, the solutions are oscillatory. Using the quantum initial condition given in
Eq. (22), we get
v(η) =
e−ikη√
2k
, in (A) (32)
v(η) = C1e
−ikη + C2e
ikη, in (C). (33)
12
FIG. 4. Crossing the potential a′′/a (it is not in scale).
In (B), the zero order term neglecting k reads
v(η) = a(η)
[
B1 +B2
∫ η
−ηc
dη¯
a2(η¯)
]
, (34)
where −ηc denotes the conformal time when k2 =
∣∣a′′
a
∣∣ in the contracting phase, η = 0 is the
bounce conformal time, and ηc is the conformal time when the solution exits the potential
again (the potential a′′/a is symmetric). The constants can be obtained through matching
conditions, and read,
B2 = (av
′ − va′)|−ηc (35)
B1 =
v(−ηc)
a(−ηc) . (36)
From now on, ac = a(ηc) = a(−ηc) and a′c = |a′(ηc)| = a′(ηc) = −a′(−ηc).
The constants in Eq. (35) and Eq. (36) are, using Eq. (32)
B1 =
e−ikηc
ac
√
2k
(37)
B2 =
eikηc
ac
√
2k
(
a′cac − ika2c
)
. (38)
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Therefore, Eq. (34) can be expressed as
v(ηc) =
eikηc√
2k
[
1 +
(
a′cac − ika2c
)
I(ac)
]
, (39)
where
I(ac) =
∫ ηc
−ηc
dη
a2(η)
= 2
∫ ac
ab
da
a2|a′(a)| . (40)
Using the fact that B2 is constant, the derivative in the region B can be expressed as
v′ =
B2
a
+ v
a′
a
⇒ v′(ηc) = e
ikηc
√
2k
[
a′c
ac
(2 + a′cacI(ac))− ik (1 + a′cacI(ac))
]
. (41)
With the functions v and v′ in region B determined, the constants present in the function
in region C are
C1 =
[
v(ηc) +
v′(ηc)
−ik
]
eikηc
2
(42)
C2 =
[
v(ηc)− v
′(ηc)
−ik
]
e−ikηc
2
. (43)
The critical energy of gravitational waves [10] when the waves reenter the curvature scale
is then given by,
Ωg ≃
k5l2p
3π2H20
(
|v|2 +
∣∣∣∣v′k
∣∣∣∣
2
)
=
2k5l2p
3π2H20
(|C1|2 + |C2|2)
=
k4l2p
3π2H20
[
2 + 4a′cacI(ac) + a
′2
c a
2
cI
2(ac) + k
2a4cI
2(ac)+
+
a
′2
c
a2ck
2
(
4 + 4a′cacI(ac) + a
′2
c a
2
cI
2(ac)
)]
. (44)
The peak of the potential, which happens at the bounce, leads to a maximum k
k2M =
3(1− λ)
2
α2 ⇒ k
2
M
H20
=
3(1− λ)Ωλ
2a1+3λb
. (45)
As 10−31 < ab ≪ 10−11 (see Ref. [21] for an estimation on that, remembering that we are
setting a0 = 1), this is a huge physical frequency, and implies a minimum physical wavelength
many orders of magnitude smaller than the Hubble radius today. For frequencies smaller
than this huge maximum frequency, the term I2(ac) dominates in Eq. (44). In fact, as the
integrand in Eq. (40) is a decreasing function of a, one has
ac|a′c|I(ac) = 2ac|a′c|
∫ ac
ab
da
a2|a′| ≫ 2ac|a
′
c|
(ac − ab)
a2c |a′c|
≃ 2, (46)
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when ac ≫ ab, which is the case for k ≪ kM . As in the crossing a′′c/ac ≃ (a′c/ac)2 ≃ k2, and
as
I(ac) = 2
∫ ac
ab
da
a2|a′| ≃ 2
∫ aq
ab
da
a2|a′| ≡ Iq, (47)
because the integrand in I(ac) is dominated by small values of a (aq denotes the scale factor
in the beginning of the quantum phase), the energy density can be expressed as
Ωg ∝
k6l2p
3π2H20
I2q a
4
c , (48)
nothing that Iq does not depend on ac. As
ac ≈
(
H20Ωλ
k2
) 1
1+3λc
,
we obtain
Ωg ∝
l2p
3π2
I2q
(
Ωλc
2
) 4
1+3λc
(
k
H0
) 2(9λc−1)
1+3λc
∝ k 2(9λc−1)1+3λc , (49)
where λc is the equation of state parameter of the fluid which is dominating the background
when the mode is leaving the Hubble radius[22].
Equation (49) shows that frequencies that crosses the potential in the dust era (λ = 0)
have energy density decaying with f−2; the ones entering the potential in the radiation era
have energy density growing with f 2; and frequencies that crosses the potential in the asm
era have energy density growing with f 4. For frequencies k ≥ kM , the integral Ic is zero,
since the waves never crosses the curvature scale. In this case, Eq. (44) is dominated by the
first term inside the braces, and hence the energy density grows also as f 4. It is the usual
flat spacetime ultraviolet divergence. These behaviors are shown in Figs. (6,8,7) below.
Concerning the amplitudes, the term which contributes mostly to the energy density is
the quantum part of the integral Eq. (41):
Iq =
∫ aq
ab
da
a2|a′| =
1
α
∫ aq
ab
da
a2
√(
ab
a
)3λ−1 − (ab
a
)2
=
2
H0
√
Ωλa
3(1−λ)
b
arctan
(√(
aq
ab
)3(1−λ)
− 1
)
3(1− λ) . (50)
15
FIG. 5. The ratio between the integral Eq. (50) and its value for λ = 1/3 for different λ, considering
ab = 10
−24 and (aq/ab)
3(1−λ) = 100. The minimum value is when λ ≈ 0.99. However, due to the
constraint Eq. (28), λ is limited to λ ≈ 0.96.
Its dependency on λ shows that it decreases until λ ≈ 1 + 2
3 ln(ab)
, when it reaches its
minimum value, then it increases rapidly to infinity, when λ = 1, as shown in Fig 5.
However, λ is limited to the constraint Eq. (28), which is also indicated in Fig 5. It
shows that, although the energy density increases more in frequency for higher values of λ
as shown in Eq. (49), the value of Iq decreases significantly with λ in its physical allowed
region, as shown in Fig 5. The combination of these two behaviors implies a net decreasing
in the amplitude with respect to the case without the asm fluid, as shown in Fig. 6.
Note that the usual increasing in the energy density due to the depth of the bounce is
quite suppressed due to the presence of the asm fluid. Indeed, the ratio between different
gravitational waves energy densities for two different bouncing models with different scale
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FIG. 6. The energy density of gravitational waves with state parameter λ = 1/3 and minimum
scale factors ab = 10
−24, 10−18, represented by dot-dashed curves, and state parameter λ = 0.9
with minimum scale factors ab = 10
−24, 10−30, represented by continuous curves. The higher energy
densities correspond to smaller ab, respectively. The dashed curve corresponds to the limit where
the frequency never enters the potential. The different inclinations of the curves are in accordance
with the discussion after Eq. (49).
factors at the bounce, ab1 and ab2, reads, using Eq. (50),
Ωg1
Ωg2
=
(
ab2
ab1
)3(1−λ) arctan
(√(
aq
ab1
)3(1−λ)
− 1
)
arctan
(√(
aq
ab2
)3(1−λ)
− 1
) . (51)
Hence, for fluids with state parameter close to 1 dominating during the bounce, the
increase in intensity due to the bounce depth is exponentially suppressed, as shown in
Fig. 5.
Let us now summarize the properties inferred by our analytical approximations, and
exhibit them with numerical calculations:
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FIG. 7. Gravitational waves energy density dependence on Ωλ for minimum scale factor ab = 10
−24,
and ams fluid parameter λ = 0.6. The dot-dashed curve corresponds to Ωλ = 10
−19, while the
continuous curve corresponds to Ωλ = 10
−15. The dashed curve corresponds to the limit where
the frequency never enters in the potential. Again, the different inclinations of the curves are in
accordance with the discussion after Eq. (49).
• The energy density of primordial gravitational waves decreases with the energy density
of the fluid which dominates at the bounce. See equations Eq. (49) and Eq. (50),
together with Fig. 7.
• The increasing of the energy density of primordial gravitational waves in frequency
for increasing λ with 1/3 < λ < 1 does not usually compensate the decreasing of its
intensity due to the decreasing of Iq with λ presented in Fig. 5. This compensation
usually happens only for very high frequencies, inaccessible by nowadays experiments,
see Fig. 8.
• The energy density of primordial gravitational waves is more sensitive to the depth of
the bounce for lower equation of state parameters λ, as shown in the Eq. (51). This
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FIG. 8. Behavior of the energy density of primordial gravitational waves with respect to the
equation of state parameter λ for minimum scale factor ab = 10
−24, and ams energy density today
given by Ωλ = 10
−19. The fluid parameter λ = 0.9 corresponds to the continuous line, and λ = 0.6,
corresponds to the dot-dashed line. The dashed curve correspond to the limit where the frequency
never enters in the potential. Once again, the different inclinations of the curves are in accordance
with the discussion after Eq. (49).
sensitivity is shown in Fig. 6.
• Finally, Fig. 9 presents one of the highest energy densities of primordial gravitational
waves we found for one particular bouncing model, comparing it with results from
inflation and present observational bounds. Note that the amplitude is still far below
possible observations.
V. CONCLUSION
In bouncing models containing K-essence scalar fields simulating hydrodynamical fluids
with c2s = λ, the amplitude of primordial gravitational waves produced is usually very
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FIG. 9. Amplitude of gravitational waves energy density for high frequencies. The amplitude refers
to a model with ab = 10
−30, and λ = 0.9. The inflation amplitude corresponds to a slow-roll model
with r = T/S = 0.6 [4]; the CMB line refers to the imprints we should expect in CMB [23]; the
LIGO limit is the lower sensitivity for scale-invariant perturbations [24]. Note that the usual flat
spacetime ultra-violet divergences were not subtracted in this figure.
small [8] for cosmological scales, or low frequencies, but it can grow significantly at high
frequencies if the fluid which dominates the background dynamics at the bounce is as close
to stiff matter as possible. In this paper, we have shown that this can indeed be true,
as one can infer from Eq. (49), but we have also seen that the amplitude of gravitational
waves does also depend on Iq defined on Eq. (47), which gets smaller when the bounce fluid
approaches stiff matter. We have seen that the compromise between these two effects makes
the amplitude of primordial gravitational waves not sufficiently big at high frequencies in
order to be detected by present day or near future observations for background models being
symmetric around the bounce, and satisfying the nucleosynthesis bounds. These conclusions
are corroborated by Figs. (7,8,6,9), based on numerical calculations, and understood through
analytical considerations. Hence, it seems that bouncing models where the background is
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dominated by hydrodynamical fluids do not present any significant amount of primordial
gravitational waves at any frequency range compatible with observations. Any detection of
such waves will then rule out this kind of models.
An alternative would be to consider bouncing models which are not symmetric around the
bounce due, e.g., to particle production near the bounce [21]. In this case, one could suppose
that radiation was created after the bounce, and the nucleosynthesis bounds originating
constraint Eq. (28) could be relaxed, because in the contracting phase there would be almost
no radiation. It would be a bouncing model with some sort of reheating. In this case, one
could have λ as close to 1 as necessary, yielding a sufficiently big Iq as indicated by the
λ ≈ 1 part of Fig. 5. In this case, the model could produce a sufficient amount of relic
gravitational waves that could be detected.
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